We consider massive IIA supergravity on the resolved conifold with SU (2) 2 L ×U (1) R symmetry and N = 1 supersymmetry. A one dimensional family of such regular solutions was found by Brandhuber and we propose this to be the mirror to one dimension of the moduli space of IIB solutions on the deformed conifold found by Butti et al. The remaining dimension of the moduli space of Butti et al contains the baryonic branch of Klebanov-Strassler and we propose that the mirror of this is either some stringy resolution of a family of singular solutions found here or must be entirely non-geometric.
Introduction
String theory on conifold singularities has proved to be a immensely rich area of study for a number of years. The resolution of the singularity provided early insights into the physics of D-branes [1] and with the advent of AdS/CFT the explicit Ricci flat metrics found in [2] proved to be vital in constructing physically interesting examples of gauge/gravity duality [3, 4, 5] . Studies of the topological string on the conifold have shed light on geometric transitions [6, 7] which were conjectured to be embedded in the full superstring [8] . The conifold has also provided a canonical calculable example of hypermultiplet couplings in four dimensions [9, 10] . In this work we will continue this fine tradition of using the conifold as a guiding example for studying certain geometric aspects of string theory.
The solution of Klebanov and Strassler [4] is the prototypical example of a warped CalabiYau solution to IIB supergravity [11, 12] . The metric on the internal manifold is conformal to the Ricci-flat metric on the deformed conifold [2] , the dilaton is constant and the three form flux is imaginary self-dual. These are particularly interesting flux backgrounds in string theory since due to Yau's theorem and the work [13] , one has an existence proof for the supersymmetry equations.
A very interesting aspect of the Klebanov-Strassler solution is that it belongs to a nontrivial, two-parameter family of solutions [14, 15] . One of these parameters corresponds to the supergravity dual of a baryonic vev and on this branch the metric on the internal manifold is no longer Ricci -flat. The solution along this branch is usually described as an SU (3)-structure solution, a condition slightly weaker than SU (3)-holonomy, which allows for a much more general class of flux. It is not understood whether warped Calabi-Yau backgrounds in general can have unobstructed modes which preserve only the SU (3)-structure conditions but due to the solution [15] we know that at least two such modes exist when the Calabi-Yau manifold is the deformed conifold with the metric of [2] .
It was observed in [16] that one dimension of the space of solutions found in [15] is particularly simple, on this branch only the metric, dilaton and three-form flux (g, ϕ, F 3 ) are symmetry may be restored by incorporating non-geometric backgrounds. In the appendix provide all the details of our computations in d = 11 supergravity as well as massive IIA supergravity.
The Deformed Conifold in Type IIB Supergravity
The two parameter family of solutions to IIB supergravity on the deformed conifold [15] which we are interested in all have M units of D 5 Page charge
It was emphasized recently [16, 19] that a particular one dimensional subspace of these solutions is quite simple. This family has non-trivial profiles for only metric, dilaton and RR three-form (g, ϕ, F 3 ) as opposed to the more general solution of [15] which has all fields activated except for the axion. This simplified solution has the following form Ω hol = e A Ω = e −2φ 0 cosh τ (dτ + i(
e 2φ = e 2φ 0
The functions (c(τ ), f (τ )) satisfy
The two explicitly known solutions to (3) are
(in the limit γ → ∞) and
but it was shown numerically in [15] that there is a one parameter family of regular solutions which interpolates between these two points.
The solution (4) gives the Ricci flat metric on the deformed conifold with a strictly infinite size S 3 . This solution still has M -units of D5 charge and one can think of the infinite size S 3 as necessary to dilute the F 3 flux and allow for a Ricci flat metric. The solution (5) gives the solution of [35, 36] and has a finite size S 3 . One should define the parameter which interpolates between these two solutions as the size of the S 3 in string units
U = 0 is the CV/MN solution and U → ∞ is the solution with the Ricci flat metric on the deformed conifold. This the bottom line in figure 1 . One thing to note from (2) is that the holomorphic three form (suitably rescaled by the warp factor) is invariant along this family [19] . This is consistent with the fact that this family is a realization in IIB string theory of Vafa's geometric transition [8] and only depends on the "Kahler" moduli, not the complex structure moduli. The quotation marks are necessary here because the IIB background is not Kahler away from U = ∞. In string frame, the equations for a system of just (g, ϕ, F 3 ) is given by [17, 18, 37] 
We see that (7) is solved somewhat trivially along the whole family since e A Ω is invariant. It is also interesting that the F 3 flux is invariant along this family but the deeper reason for this is not clear. As emphasized in [19] there is another parameter in this moduli space of solutions. The full solution space is given by
(11) Figure 1 . represents the full moduli space of (U, β). The U → ∞, β → ∞ limit is the solution of Klebanov and Strassler (KS) and the dashed line in figure 1 . represents a one-parameter interpolation between the KS background and the CV/MN background which In [15] was proposed to be the supergravity dual to the baryonic branch of the Klebanov-Strassler background [14] . However as was empahasized in [38, 19] the top line of this diagram, namely with β → ∞ and U = [0, ∞] has the asymptotic behavior consistent with the baryonic branch. As was described in some detail in [19] , the solution at the top left corner in figure 1, with U = 0, β = ∞ is a little hard to describe in closed form but it has a certain region in which it approximates the solution of Pando-Zayas and Tseytlin [39] .
It is interesting to note that the operator which deforms the KS solution along the vertical β direction is a dimension eight operator which is SU (2) 2 × U (1) × Z 2 invariant. From the table of modes collated in [40] we see that there is only one such operator. Indeed, using the dimensions of operators from the conformal point [3] we see that this operator must be TrF 4 . This operator is clearly irrelevant and changes the UV definition of the gauge theory, thus changes the asymptotic behaviour of the warp factor. Interestingly, the vev for this operator is related to the addition of anti-D3 branes into the KS background.
The Resolved Conifold in Type IIA Supergravity
We now turn to the mirror picture of the previous section, namely the resolved conifold in IIA. There exists a family of solutions of IIA supergravity on the resolved conifold found by Brandhuber [22] which we propose is the mirror to the β = 0 limit of the solutions in the previous section. In fact these solutions were found in M-theory, where the computations are simplified significantly as we now review.
In M-theory on a seven-manifold with G (4) = 0, there are just two nontrivial spinor bilinears one can construct, a three form and a four form [41] 
and the conditions for N = 1 supersymmetry in four dimensions are simply
These conditions imply that there exists a connection of G 2 holonomy. The simplicity of working in M-theory with G (4) = 0 is that one need just make an ansatz for the three form Φ, since the metric and thus the four form * Φ can be constructed from Φ using
When searching for supergravity solutions, common sense tends to indicate that one should (at least initially) restrict attention to cohomogeneity one solutions since this will result in a system of O.D.E.'s not P.D.E.'s. In the case of a seven manifold, we will impose the continuous symmetry group
where SU (2) L,1 and SU (2) L,2 are parameterized by left invariant one forms σ i and Σ j and
is diagonally embedded. The most general invariant three form is then
which depends on merely 2 functions, one of which can be fixed by redefining the radial coordinate! The solution we will focus on breaks the Z 2 symmetry which exchanges S 
The whole family of solutions of [22] , when reduced to type IIA using the standard formula
is given by
where the frames on M 6 are given by
and the complex frames E i are those of the Ricci flat metric on the resolved conifold
The functions are given by
An obvious solution to (19) is given by
where in fact the symmetry group (17) is enlarged to
and this is the solution originally found in [42, 43] . There is then another explicit solution to (19) which is
This limit must be taken carefully, the asymptotic value of the dilaton is constant and the radius of the S 2 is large
The proposed parameter space of the resolved conifold in IIA. The bottom line (β = 0) corresponds to the solutions found in [22] and β = 0 is the subject of the current work.
We notice a striking analogy between these solutions and the IIB solutions presented in the previous section. Here the symplectic form and flux (J, F 2 ) which are invariant along the family while (Ω, ϕ) vary, where previous it was (Ω, F 3 ) which were invariant while (J, ϕ) varied. One can also see the invariance of the symplectic form J from the fact that it is the dimensional reduction of (18) along the vector field dual generated by ∂ ψ − ∂ψ gives
and this does not depend on a(r) only on b(r). Choosing b(r) = r 2 /6 and (p, q) = r 2 0 (1, 0) gives J = J RC . This family of supergravity solutions in IIA displays all the features of the geometric transition as a smooth process in flux backgrounds which were emphasized in the IIB case in [19] . This is somewhat at odds with the view presented in [21] where it was proposed that the transition is a discrete process obtained as the reduction of the BS/GPP solution on two different U (1) fibers.
It is natural to wonder if there exists another parameter in these IIA solutions which would be mirror to β in the IIB solutions and the remainder of this paper is devoted to this question. Since the IIB β parameter in Table 1 was shown to be generated by a certain duality transformation in [19] it would be nice if one could use a different duality transformation in this IIA setting. One way to attempt this is to T-dualize four times in space-time to turn the D6 branes into Euclidean D2 branes then lift to M-theory and use a diffeomorphism on a T 2 . The essential problem with this is that any rotation of a T 2 requires both circles to be finite in the UV, which is not the case. As such, probably the correct duality transformation requires mirror symmetry, which as discussed above is hard to perform explicitly, so here we will just use the supergravity ansatz method.
IIA on the Resolved Conifold with General Fluxes
Motivated by the previous discussion we now search for solutions of massive IIA supergravity with a four dimensional Minkowski component and
on the internal space. All the main calculations have been relegated to the appendix, we summarize our findings in this section.
When solutions of IIA with flux are lifted to d = 11 supergravity, many aspects of the backgrounds simplify considerably. For instance, the solutions found by Brandhuber which we reviewed in section 3. involve a single nontrivial function whereas the ansatz with the same symmetries in IIA involves seven functions and are somewhat more complicated to obtain. Given this our strategy will be the following: we will search for the most general solution of M-theory with our symmetries (17) and allow for nontrivial G (4) flux. Then we will look for solutions of massive IIA supergravity with the same symmetries however we will find fairly quickly that the mass parameter is forced to vanish. As such we conclude that the solutions we found in M-theory are the most general possible solutions.
Supersymmetry in M-theory and IIA
In type II supergravity reduced to four dimensions preserving N = 1 supersymmetry, the most general possibility for the supersymmetry parameters is an SU (2) structure. It is instructive to think of the SU (2) as being the intersection of two SU (3)'s, one for the left movers (on the string worldsheet) and one for the right movers and these are often referred to as SU (3) × SU (3) structures. If these two SU (3) structures are aligned at some subvariety of the internal space, then the SU (2) structure becomes an SU (3) structure at there. Such cases are called dynamic SU (2) structures and in terms of generalized complex geometry [44, 45] there is type change. If the two SU (3) structure are never parallel, then the SU (2) structure is called static. If the two SU (3) structures are parallel everywhere, then such backgrounds are simply called SU (3) structures.
There is a distinct asymmetry between SU (3) structures in IIA and IIB. Whereas in IIB, SU (3) structures allow for non-trivial Ramond fluxes of all degrees (F 1 , F 3 , F 5 ) as well as (ϕ, H 3 ), the allowed fluxes for SU (3) structure solutions of IIA with R 1,3 component are very limited. One possibility is for an NS solution of the form [17, 18] and the other possibility is to have non-trivial profiles for only (g, ϕ, F 2 ). The former case lifts to M-theory as a solution with G (4) while the second case lifts to a solution of M-theory on a seven manifold with G 2 holonomy and G (4) = 0. Allowing for F 0 = 0 in IIA SU (3) structure solutions generates a four dimensional cosmological constant and it seems unlikely that mirror symmetry exchanges Minkowski vacua with AdS vacua.
However, it is not entirely clear that mirror symmetry with flux (if it exists) maps one SU (3) structure solution to another SU (3) structure solution. For instance it would be quite reasonable to expect an SU (3) structure solution to be mapped to a static SU (2) structure solution although it would be quite surprising if a solution with type change was mapped to a solution without type change. It is likely that restoration of a symmetry between solutions of string theory in IIA and IIB requires an understanding of non-geometric backgrounds, while these are interesting issues we cannot resolve them here. We will merely examine the example of supergravity solutions with co-homogeneity one symmetry groups.
The Ansatz and Solution
Our metric ansatz is in d = 11 supergravity is
with the frames on the internal seven manifold given by
We will find the four form flux G (4) algebraically in terms of metric data so there is no need to make an ansatz for it. We find that solving the supersymmetry equations gives all the metric functions to be
2 where the function g 3 is defined to be
and (c, r 0 ) are integration constants. We redefine g 3 to be
then a(r) satisfies the non-linear equation
The function a(r) agrees with the function a(r) in (19) 
and this appears to be a particularly bad type of singularity where the warp factors diverges and the two internal S 3 's shrink to zero size. When c = 0, the whole family of solutions reduce to the regular solutions discussed in section 3 and r 0 is the radius of the finite S 2 (in IIA) at r = 0.
The SU (2)
3 Invariant Solution
In this case we have 
The corrections when c = 0 are very subleading in the UV r → ∞ limit. More generally the UV behavior is more complicated since then g 3 is a function of c.
Conclusions: The Missing Mirrors
So while we have found a one dimensional family of solutions which extends those found in [22] , they appear to be badly singular. It is not inconceivable that these singularities are somehow repaired in string theory however since we have considered the most general supergravity ansatz, it must be some stringy (as opposed to supergravity) effects which resolve them. This is unlike the singularity of [23] which is repaired within supergravity [4] . Having explored the most general supergravity ansatz for a putative mirror to the IIB solutions of [15] we must confront the fact that the mirror may be missing, much like the third T-dual of T 3 with worldvolume H 3 flux is missing geometrically [33, 46, 47] . In a sense this may not be such a surprise since as discussed at the above, there is a distinct asymmetry between SU (3) structures in IIA and IIB supergravity. It was realized in [47] that to formulate a low energy description of string compactifications which is duality symmetric appears to require additional structures which do not admit a geometric interpretation. A more sophisticated version of the same ideas appeared in [27] . However what we have found here is somewhat more bizarre since it is not magnetic flux which is proving to be problematic. In section 3 we proposed a mirror to the magnetic F 3 flux, namely the magnetic F 2 flux, it is the additional non-topological H 3 and F 5 flux which appears to be problematic in terms of finding the mirror dual.
We consider this calculation as shining a light on a more general sort of non-geometricity than that seen in earlier works which largely deal with tori and monodromy around noncontractible 1-cycles. It would be extremely interesting if some sort of explicit solution for these mirrors could be found which involves some of the ideas of non-geometric string backgrounds advocated in [48, 49] where a certain bi-vector coupling on the string worldsheet was used. One strategy might be to extend the nice four dimensional theory of [50] to include non-geometric fluxes and then attempt to solve explicitly for some sort of ansatz which employs the same symmetries we have applied in this work. 
A Conventions
We will use the following conventions for the SU (2) L -invariant one forms
It is very common to use e i and i however since we use e i for frames and i for spinors, we have chosen to use these conventions for the invariant one forms. We will denote the two sets of Euler angles as (θ, φ, ψ) for the σ i and (θ,φ,ψ) for the Σ i .
B G 2 × G 2 Structure solutions in d = 11 Supergravity
B.1 The Gravitino Variation
The gravitino variation of eleven dimensional supergravity is
where the hatted objects here denoted eleven dimensional objects. The most general spinor ansatz which preserves N = 1 supersymmetry in four dimensions iŝ
Here we have that ζ + = ζ * − is a four dimensional Weyl spinor of positive chirality and
is a complex seven dimensional spinor. In general this spinor ansatz appears to have too many degrees of freedom however 1 and 2 will not be independent. The metric and four form ansatz is
where (i, j, k, l) are co-ordinate indices on the internal space. Allowing for flux proportional to the volume form on the four dimensional component of space allows for a cosmological constant, we will not consider that possibility here. With this ansatz, the eleven dimensional gravitino variation (39) reduces to an external (algebraic) and internal (differential) component:
where now the unhatted gamma matrices are seven dimensional ones and the indices (a, b, c, d) are internal frame indices.
B.1.1 The Differential Forms
The by now standard procedure [51] , is to use the spinor equations (42) and (43) to pass to a set of equations for the differential forms constructed as spinor bi-linears. The alternative approach to finding supersymmetric backgrounds is to make an ansatz for the spinor in addition to the bosonic fields and solve (39) directly 2 . The advantage of constructing the differential forms and computing the differential equations they satisfy is that with this finite amount of work (which can then be universally applied to all ansatze) one alleviates the need to solve for the spinor fields, thus reducing the overall number of functions in the ansatz. In addition, it seems promising that formal properties of supergravity backgrounds can be better understood by studying the differential forms [17, 55, 37, 56, 57] . The equations we adopt here could be lifted from the nice paper [58] where in fact the more general situation with a four dimensional cosmological constant was considered 3 . So we consider the following collection of differential forms 
with λ an arbitrary function. The limit λ → 0 will coincide with {G (4) → 0, ∆ → 0} and thus such a seven dimensional metric admits a connection with G 2 holonomy.
In terms of the frames of the seven dimensional metric {e i }, i = 1, . . . , 7 we define certain fundamental forms V = e 7 J = e 1 ∧ e 2 + e 3 ∧ e 4 + e 5 ∧ e 6 Ψ = Ψ + + iΨ − = (e 1 + ie 2 ) ∧ (e 3 + ie 4 ) ∧ (e 5 + ie 6 ) and express (44) and (45) in terms of them
The following differential equations are computed by first evaluating the exterior derivative of a given Ξ (i) orΞ (j) using the differential part of the spinor variation (43) and then using the algebraic part (42) to replace certain flux terms. For this laborious calculation this author recommends consulting the nice summary of formulas in [41] and the computer package [62] . The result is
3 The supersymmetry conditions for the reduction of M-theory on a seven manifold with background flux was also considered in [59, 60, 61] . These papers consider a spinor ansatz which is not sufficiently general for our purposes since there | 1 | = | 2 | while here we allow for the limit 2 → 0 since this corresponds to G (4) → 0 and the restoration of G 2 holonomy.
In terms of the fundamental forms this gives
This system is most certainly overcomplete.
It is important to obseve that the limit λ → 0 reduces to the more familiar case (16). In this limit Ξ,Ξ → 1 which implies that ∆ is constant. In addition Ξ
(1) , Ξ (2) → 0 and
B.2 Ansatz For the Metric
Since the four form flux G (4) is given algebraically by (57), we only need to make an ansatz for the metric. We will take:
This in general breaks the Z 2 which exchanges Σ i ↔ σ i and preserves U (1) R,D ⊂ SU (2) R,D . So now with these frames the spinor bilinears are
B.3 Solving
Without loss of generality we can take
So we start with (58) 
First, we get the algebraic constraints
and A 4 = A 2 A 6 2A 1 A 5 This means we have solved for {A 4 , A 7 } in terms of the other functions. When we use these algebraic relations above, we get just two equations
Looking ahead to the sorts of combinations of functions we write:
Now we also need
where p is a constant.
The flux is given algebraically by the equation (57) :
With the previous algebraic results, we have
and so the flux is given by
Now we seperately calculate the Hodge dual of the four form flux so that we can equate (55) with (66). This will give the last of the equations.
We have
Doing the Hodge dualizing we find * dr ∧ (
and the more complicated ones are 
Putting this all together with (67) we get another expression for G (4) which we equate with (66).
B.4 Summary Of Equations
Here we will summarize all the equations from (61), (64), (65) and from equating (67) with (66):
log
(73)
(74)
B.5 Solving the Equations
First we redefine thefive modes (A 1 , A 2 , A 5 , A 6 , ∆) in terms of (f ! , f 2 , g 1 , g 2 , g 3 ):
In fact g 3 = A 4 which we eliminated earlier.
To solve the equations, we first use the infinite wisdom of hindsight to choose a radial co-ordinate such that
this allows us to integrate (70) and (73) and we find
Then we use (68) to solve algebraically for g 1 (with p = 8r 2 0 ):
and we are left with (69) :
We can work out that
The other equations are now satisfied as well At this point our solution is
We can then eliminate c 1 by rescaling the radial co-ordinate r and we will define c = c 1 c 2 .
C Solutions of Massive IIA
Here we will make an ansatz for massive IIA supergravity with the symmetries (17) and proceed to solve up to the point where we find that the mass term must vanish. There is no need to proceed further since we have already solved the most general solution with these symmetries in d = 11 supergravity. We will use the supersymmetry conditions of massive IIA as written down in [56] , the advantage of using differential forms rather than the fermionic variations is essentially that a lot of work with the Clifford algebra has algebra has already been performed. The most general spinor ansatz for reducing type II supergrvaity to four dimensions (preserving four supercharges) involves two SO(6) spinors of positive chirality
where z = z m dx m is a one form. The SO(1, 9) spinors are decomposed as
It was shown in [63] that the most general spinor ansatz can be written as
One can then construct the spinor bilinears as particular sums of even and odd differential forms
The string frame supersymmetry conditions can be written in a compact form but of course this must be expanded into components where it will be as cumbersome as usual:
where d H = d − H∧ and in IIA we have
Key to checking the various conventions in the literature regarding F and d H is the Bianchi identity
C.1 Massive IIA and SU (3) Structures
The spinors (82) define the most general SU (2) structure but it is worth considering a few sub-cases. When φ = 0 in (82) we have the most general SU (3) structure and here it is easy to see that there are no Minkowski solutions with F 0 = 0.
In this case the spinor bilinears are given by
The one form part of (85) gives d(e iθ e 3A−ϕ ) = 0 (89) from which we discover that θ is a constant and
The three form part of the same equation gives
Then from (86) we see that H = 0 ⇒ F 0 = 0. It would be interesting to have a general argument that SU (2) structure backgrounds with and four dimensional Minkowski factor must have F 0 = 0 but we have not found such an argument. Nonethless, below we find that this is true for the particular backgrounds we study here.
C.2 The Ansatz
Our ansatz for the metric is ds where the frames on M 6 are given by
By our choice of frames for E 5 and E 6 we have defined our radial co-ordinate to co-incide with that of the conventional choice for the Ricci flat metric on the conifold. Then the fluxes (which automically satisfy their Bianchi identities) are given by F 0 = m F 2 = N e 1 ∧ e 2 + d f 1 (e 3 + 3 ) + mB F 4 = d f 2 e 1 ∧ e 2 + f 3 1 ∧ 2 + f 4 (e 1 ∧ 1 + e 2 , 2 ) + f 5 (e 1 ∧ 2 − e 2 ∧ 1 ) ∧ (e 3 + 3 ) +B ∧ F 2 − mB ∧ B.
The dilaton e φ is arbitrary and we will hold off from making an ansatz for the H 3 flux since we will immediately see that it is given algebraically in terms of the metric. Note that F 4 has no components along the worldvolume of Minkowski space since such a field strength would automatically give rise to a non-zero cosmological constant.
C.3 The Φ + Equations
The Φ + equations are fairly straightforward. From the one form we get The three form gives dJ = 0
where
and H = t 2φ Im ω.
The constraints from (93) determine the symplectic form J to be in fact invariant
A 3 = √ 6A From the four form we get three independent equations 
C.5 Equation Analysis
One finds from analyzing these equations that .
With some amount of work we used the remaining equations to find two different expressions for B 1 which can only be equal if m = 0. At this point it is not worthwhile to continue since any solutions found would be already in our analysis from d = 11 supergravity.
